High-temperature ferroelectric behaviors of poly(vinylidene fluoride-trifluoroethylene) copolymer ultrathin films with electroactive interlayers J. Appl. Phys. 111, 064506 (2012) The influence of Mn substitution on the local structure of Na0.5Bi0.5TiO3 crystals: Increased ferroelectric ordering and coexisting octahedral tilts J. Appl. Phys. 111, 064109 (2012) The improved polarization retention through high-field charge injection in highly strained BiFeO3 thin films with preferred domain orientations Appl. Phys. Lett. 100, 132901 (2012) Structural phase Ferroelectric perovskites and polymers that are used in a variety of electronic, ultrasonic, and optical applications are often wide-band-gap semiconductors. We present a time-dependent and thermodynamically consistent theory that describes the evolution of polarization and space charges in such materials. We then use it to show that the semiconducting nature of ferroelectrics can have a profound effect on polarization domain switching, hysteresis, and leakage currents. Further, we show how hysteresis and leakage are affected by doping, film thickness, electrode work function, ambient temperature, and loading frequency.
I. INTRODUCTION
Ferroelectric perovskites are paraelectric (non-polar) above the Curie temperature, but become spontaneously polarized below it, due to a loss of centrosymmetry. 1 The spontaneous polarization is often accompanied by a mechanical distortion. The anisotropy introduced by the polarization enables birefringences, and the loss of centrosymmetry enables piezoelectricity. The soft modes of the phase transitions give rise to large dielectric constants, and the loss of symmetry enables domain switching between domains of symmetry-related polarizations. All of these endow the material with fascinating properties that enable applications, including optical modulators, nonvolatile memories, capacitors, sensors, actuators, and holographic storage media. [2] [3] [4] [5] [6] The range of phenomena, properties, and applications have motivated a number of models of these materials going back to the pioneering work of Devonshire, 7, 8 as reviewed before. 4, 9 Phase-field and other coarse-grained models which describe behavior at the domain and larger scales almost always assume that the ferroelectric is an insulator. However, a vast majority of the perovskite and polymer ferroelectrics are, in fact, wide-band-gap semiconductors. Since ferroelectrics are often used with metal electrodes, we can expect the formation of depletion layers near the metalferroelectric interface, development of a built-in potential, and associated band bending. This, in turn, has a significant impact on the ferroelectric properties and performance as observed by the dependence of the fatigue life and dielectric breakdown on the choice of electrodes. [10] [11] [12] Further, it has been noticed that defects often decorate domain walls 13, 14 and that domain patterns can be manipulated using light via the generation of photoelectrons, 3 highlighting the semiconducting nature of the ferroelectric.
This has motivated some efforts at incorporating the semiconducting properties of the ferroelectric, by making phenomenological assumptions about either the profile of polarization [15] [16] [17] [18] [19] or free charges. [20] [21] [22] Recently, Xiao et al. [23] [24] [25] have proposed a model that comprehensively treats semiconducting ferroelectrics with no a priori assumption on either the space charge or polarization. However, these are limited to equilibrium profiles. On the other hand, timedependent models based on the Landau-Khalatnikov equation have been developed by Morozovska et al. [26] [27] [28] [29] Even so, these models are restricted to volume averaged values of quantities and not their spatial variation.
In this paper, we build on the prior work to develop a time-dependent and thermodynamically consistent theory that describes the evolution of the space charge and polarization in semiconducting ferroelectrics. Specifically, we develop thermodynamically consistent kinetic equations that describe the evolution of space-charges and polarization domains when subjected to a time-varying applied field. Further, we carefully incorporate band-bending and other subtle effects at the metal-ferroelectric interface.
The remainder of the paper is arranged as follows. First, we provide a detailed description of the formulation in Sec. II. Next, we describe the numerical implementation and validate it through a number of test cases in Sec. III. Finally, we conclude in Sec. IV.
II. THEORY AND FORMULATION

A. Setup
Consider the metal-ferroelectric-metal (MFM) configuration in Fig. 1 , where the ferroelectric occupies a region X with boundary @X and outward normalm. The metal electrodes are denoted by C 1 , C 2 with boundaries @C 1 , @C 2 and work functions U 1 , U 2 , respectively. Let @X \ @C 1 ¼ S 1 and @X \ @C 2 ¼ S 2 . The circuit is completed by connecting the electrodes to the terminals of a battery, maintaining a timevarying potential difference of V(t) across the MFM system. We assume, for definiteness, that the dominant impurities in the ferroelectric are single electron donors and that there are no surface states, but note that these can be easily relaxed. We neglect the deformation and treat the ferroelectric as rigid. Small deformations can be incorporated easily, but finite a)
Author to whom correspondence should be addressed. Electronic mail: bhatta@caltech.edu. deformations require special care. 24 We assume that all the processes are isothermal with temperature as a parameter.
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B. Electrostatics and conservation laws
The charge density q, electrostatic potential /, and polarization p are related through Maxwell's equation
where v X is the characteristic function
The charge density can be represented by
where q is the magnitude of the charge of an electron, N d þ is the number of ionized donors, and n c and p t are the number of electrons and holes in the conduction and valence bands, respectively. We can write the following conservation laws:
where N 0 d is the number of non-ionized donors, J denotes the flux of the respective subscripted quantity, and the overdot represents the time derivative. Further, n cd , n ct , and n dt represent the inter-band electron evolution, as depicted in Fig. 2 . Note that we have made the "effective density of states" approximation for the conduction and valence bands.
C. Potential energy of the system
The total potential energy of the system can be written as
where r is the charge density on the surface of C 2 . Above, the first term represents the free or stored energy in the ferroelectric, the second term corresponds to the electrostatic energy in all of space, and the third term is the work done by the battery in maintaining the applied potential. We postulate the following additive form for the free energy density of the ferroelectric:
Note that temperature is a parameter in each of these terms. W p (p) is the classical Devonshire 7, 8 energy that depends on polarization density p and has a multi-well structure below the Curie temperature that corresponds to multiple (symmetryrelated) spontaneous polarizations. We set W g ðrpÞ ¼ 1 2 k rp j j 2 to be the gradient or exchange energy that penalizes rapid changes in polarization and is critical in determining the domain wall structure. The remaining terms correspond to the free energy of electrons in the conduction band, holes in the valence band, and donors. Treating each of these systems as a microcanonical ensemble, we obtain the partition functions,
where N and P are the "effective density of states" in the conduction and valence bands, respectively. Also, b ¼ 1 k B T , where k B is the Boltzmann's constant and T is the temperature. Using standard relations,
D. Driving forces and electro-chemical potentials
We seek to find the thermodynamic driving force driving the evolution of the polarization and the electro-chemical potentials driving the evolution of the space charges. One approach is to study the variation of the total potential energy in Eq. (5) with respect to the polarization and the space charges. We obtain, after a lengthy, but relatively straightforward calculation using the divergence theorem that 
We set the driving force and the electro-chemical potentials to be the quantities that are conjugate to the variations. Thus, the driving force governing the evolution of the polarization is
and the electro-chemical potentials are
For future use, we substitute Eq. (8) into Eq. (11) and solve for the space charges in terms of the electro-chemical potentials. We recover the Fermi-Dirac distribution for fermions,
E. Inter-band electron evolution
We model the inter-band electron evolution as the following reversible reactions:
Therefore,
We substitute for the space charges from Eq. (12) , and, in order to obtain explicit expressions for the inter-band electron evolution, we assume n c ( N and p t ( P. Now, at equilibrium, l n c ¼ Àl
We use this to obtain relations between the backward and forward rate constants for each reaction. Putting all these together,
F. Flux
The flux of space charges is proportional to the gradient to the electro-chemical potentials,
with diffusion coefficients K 1 , K 2 , K 3 , and K 4 .
G. Boundary conditions
The flux of donors and holes through any interface is negligible. Therefore, we set
Similarly, we have no flux of electrons in the free regions of the ferroelectric, J n c Ám ¼ 0 on @XnðS 1 [ S 2 Þ. This leaves the electron transport through the metal-ferroelectric interface
We proceed as before with an "effective density of states" approximation and model the flux of electrons through the metal-ferroelectric interface as a reversible reaction between the electrons in the metal and positions in the conduction band,
where e 
where n m represents the energy of e À m . By balancing the forward and backward rates k b and k f at equal electro-chemical potential, as in Sec. II E, we obtain
where/ and E fm are appropriately chosen for C 1 and C 2 . This is consistent with established relations for current through a metal-semiconductor junction. 30, 31 H. Polarization evolution
We postulate that the polarization evolves proportional to its driving force (Eq. (10)), so that
subject to the natural boundary condition @W @rp m ¼ 0. Above, g is an inverse mobility.
I. Final equations
We collect the final equations along with the corresponding boundary conditions. The polarization evolves as
The electrostatic potential is determined by
The space-charge transport and evolution are given by
with the corresponding boundary conditions
where the electro-chemical potentials l are given by Eq. (11) and fluxes J are given by Eq. (16) . In Appendix A, we show that this model is indeed thermodynamically consistent.
III. NUMERICAL IMPLEMENTATION AND CASE STUDIES
We now apply the theory developed in the previous section to a one-dimensional situation, as appropriate for a thin film with top and bottom electrodes. We use a second order, implicit finite-difference scheme to discretize the equations and solve them using the Newton trust-region dogleg method. 32 We start with a uniform profile and study the response of n-doped barium titanate to an applied voltage. The Devonshire energy for barium titanate in one dimension is given by
The material parameters and constants in this energy, as well as those introduced earlier, are listed in Table I . They follow earlier works. 1, 24 Since the exact values of some of the material parameters are unknown and only their relative magnitudes are of any significance in our calculations, we indicate their values with a dimensionless constant a . (We have verified that the behavior we report is robust and does not qualitatively change with variation of these parameters.) We take K 3 ¼ K 4 ¼ 0, since the mobility of the donors is extremely low; we also take g ¼ 0, so that we can focus on the spacecharge evolution. Unless stated otherwise, the temperature is taken to be 300 K and the work function of the metal electrodes is . Higher doping concentrations are expected to have an even more significant impact on the ferroelectric properties.
In presenting our results, we non-dimensionalize the coercive field with the classical value E cl , which is defined to be the slope of W p (p) at the spinodal points 6p s ,
where
Additionally, we non-dimensionalize the charge density q 0 ¼ q=(qN d ), the frequency of applied voltage f 0 ¼ f=a, and the position (x) by the thickness of the ferroelectric (L). Finally, we use the volume-averaged polarization for plotting the hysteresis loops.
A. Steady-state profiles
We begin by studying steady-state solutions of the system with no external field. These are shown in Fig. 3 . We have verified that these profiles agree with the equilibrium profiles of Xiao et al. 23, 25 We briefly describe them, since some of their salient features are useful in understanding subsequent results.
On shorting the circuit, we obtain l n c ¼ l
Thus, in the absence of external potential, the entire system equilibriates to a common Fermi level equal to the Fermi energy of the metal. 30 This, in turn, results in the formation of depletion layers near the metal-ferroelectric interfaces S 1 and S 2 , 23 whose widths are determined by the electrode work function, ambient temperature, thickness, and doping of the ferroelectric. At low thicknesses and doping, the ferroelectric is completely depleted. Distinct depletion layers appear on increasing either the thickness or the doping. Simultaneously, there is an increase in the built-in potential, saturating at the value corresponding to the magnitude of the difference between the work function of the metal and the ferroelectric. In the depleted region of the ferroelectric, there is a linear increase in the polarization, whereas it is nearly constant in the non-depleted region. Consequently, depending on the direction of the polarization, the region near either S 1 or S 2 is a possible site of nucleation for switching, as we confirm below.
B. Hysteresis loops
A typical hysteresis loop is shown in Fig. 4 . We present the polarization versus electric field hysteresis loops for a wide range of situations in Fig. 5 . In each of these simulations, we start with a uniform state, ground electrode C 1 , and apply a sinusoidal voltage to electrode C 2 . We choose f 0 ¼ 0.001 Hz The evolution of polarization, electrostatic potential, and charge density through one complete cycle is shown in Fig. 4 . Let us begin at the point marked A in the figure with zero applied field and positive polarization. The polarization distribution shown on the top left resembles the equilibrium distribution with depletion layers near the metal-ferroelectric interfaces S 1 and S 2 . As we apply a negative electric field, the depletion layer near S 1 grows, accompanied by polarization reduction. At point B, a substantial part of the ferroelectric has polarization below the spinodal value (i.e., the unstable regime), and the overall positive distribution becomes unstable. A nucleus of opposite polarization appears, which rapidly grows through the film, resulting in polarization switching and taking us to point C (polarization profile at bottom left). At C, the polarization profile resembles the equilibrium profile. There is no appreciable change as the field troughs to D and returns to E. Now, as we apply a positive electric field, the depletion layer near S 2 grows, becomes unstable at F, and switches to G. This remains stable as the field peaks at H and returns to zero at A.
C. Effect of thickness and doping
The hysteresis loops for various thicknesses and doping are shown in Figs. 5(a) and 5(b) , respectively. We see that the coercive field decreases with increasing thickness and increasing doping. This is shown in greater detail in Figs. 6(a) and 6(b) .
We observe that the coercive field is close to the ideal coercive field (corresponding to the spinodal in the energy) for very small thickness and for very small doping levels. This is because the film is completely depleted (Fig. 3) and the polarization is close to uniform. Thus, there is a substantial nucleation barrier, and switching does not occur until the system becomes globally unstable. As either the thickness or the doping levels increase, we see the appearance of depletion layers, accompanied by inhomogeneous polarization distribution. In particular, we see in Fig. 3 that there is a significant drop of polarization near the electrode. Consequently, the polarization in this region reaches the spinodal value, even though it is well away from the spinodal in most of the film, resulting in polarization switching at a lower strength of the electric field. Labels A and C in Figs. 6(a) and 6(b) correspond to points after which the film is no longer completely depleted just prior to switching. The coercive field drops dramatically at this point to the bulk value. Further increase of thickness does not decrease the coercive value, consistent with the prior arguments. 4 Indeed, we see in Fig. 3(b) that the polarization profile settles down as the built-in potential saturates at this point. Points B and D in Fig. 6(a) correspond to the thicknesses beyond which the ferroelectric can be considered to have bulk material behavior for the given doping. The results shown here are in agreement with previous theoretical predictions 22, 26, 28, 29, 33 as well as experimental observations. 1,34-37
D. Effect of work function of metal electrodes
We now examine the impact of the work function of the metal electrodes on the response of the ferroelectric. Figure  6 (c) shows the variation of coercive field with the work function of the electrodes. At low values of doping, the work function does not impact the coercive field, but as the doping is increased, there is a pronounced decrease in the coercive electric field with increasing work function. This is a consequence of the diminished polarization values (Fig. 3(d) ).
Next, we let the electrodes have different work functions U 1 6 ¼ U 2 . We observe that the resulting hysteresis loop is not symmetric (Fig. 5(c) ). Specifically, U 1 < U 2 results in a larger negative coercive field compared to the positive coercive field and vice versa when U 1 > U 2 . These observations are consistent with experimental observations, [38] [39] [40] including those by Feng et al., 41 who studied the hysteresis loops of P(VDF-TrFE) thin films with the following metal electrode configurations: Al=Al, Al=Ni, Ni=Al, and Ni=Ni.
E. Effect of ambient temperature
The variation of the hysteresis loops for different ambient temperatures can be seen in Fig. 5(d) , which shows a decrease in the values of the remanent polarization and coercive electric field on increasing the temperature. This is a consequence of the temperature dependence of the Devonshire energy, wherein there is a reduction in the barrier for switching with increasing temperature. The predicted trend is consistent with experimental observations, 42, 43 including experiments on thin films of barium titanate in a MFM configuration, 44 where a continuous decrease in the coercive field with increasing temperature was observed.
F. Effect of frequency of loading
Figures 5(e) and 6(d) show that, on increasing the frequency, the coercive electric field increases, with no apparent change in the remanent polarization. This is in agreement with previously reported experimental observations [45] [46] [47] [48] [49] and theoretical predictions. 26, 28, 29 Further, at low frequencies, the coercive field asymptotes to the quasi-static value, after which there is a transition region over which there is a steady increase in the coercive field until it asymptotes to the classical value of the coercive field (E cl ) at high frequencies. The frequency dependence of the coercive field is a consequence of the evolution dynamics of the space-charges, which, in turn, affects the profiles of electrostatic potential and polarization. It is worth noting that this is in contrast with previous theoretical models, 26, 28, 29 where the time dependence was introduced through the Landau-Khalatnikov equation and not the dynamics of the space-charges. In our simulations, as mentioned previously, the time dependence in the Landau- Khalatnikov equation has been set to zero (g ¼ 0). Therefore, even though the results bear qualitative resemblance, the physical mechanisms are different. For any given situation, the time scales of these phenomena would determine the more appropriate approximation.
G. Leakage and switching current
The leakage current is evaluated by calculating the flux of electrons through the metal-ferroelectric interface. We obtain a linear relationship between the leakage current and applied voltage, as shown in Fig. 7(a) , consistent with some experimental observations, 50, 51 where the current-voltage characteristics of a MFM junction with barium titanate as the ferroelectric is found to have a linear relationship at room temperature. In the figure I L0 ¼ I L Aa , where I L is the leakage current and A is the area of the capacitor. However, these results are in contrast to a number of other experimental studies, which report nonlinear current-voltage behavior. 38, 52 In our model, the current-voltage behavior is governed by Eq. (24), which is nonlinear in the voltage. Therefore, one would expect our model to display nonlinear current-voltage characteristics. However, in our simulations, we have obtained results which are close to the solutions of the linearized counterpart of Eqs. (23) and (24) . Therefore, in situations where Eq. (23) is far from equilibrium, we expect the model to display nonlinear current-voltage behavior. The exact situations in which such behavior is achieved warrants further investigation. Additionally, we need to ascertain the impact of surface states (neglected in this work) and polydomains on the current-voltage characteristics to achieve a more comprehensive picture.
The charge density on the metal electrodes r ¼ ½jÀe 0 @/ @x þ pj is used to calculate the switching current shown in Fig. 7(b) . The brackets ½jj denote the jump in a quantity across the interface. I s0 ¼ I s I 0 s , where I s is the switching current and I 0 s is a normalizing constant. The two peaks correspond to the points at which there is polarization reversal, i.e., when switching occurs. The trend is consistent with previous observations. 47, 53, 54 It should be noted that, in these simulations, the rate of switching cannot be captured, because we have taken the inverse mobility g ¼ 0. Therefore, the magnitude of switching current is unrealistic, but its qualitative nature is indeed accurate.
H. Lossy ferroelectric
Here, we look to capture the lossy nature of the ferroelectric and study its dependence on the thickness and doping of the ferroelectric as well as the frequency of loading. . We see that the hysteresis loops do not close after one complete cycle, a commonly observed feature in experiments. 55, 56 The reason for the gap can be understood by looking at Fig. 8 , where the magnitude of net charge in the ferroelectric and on the metal electrodes reduces over one complete cycle. This is due to the fact that, at high frequencies of loading, the space charges do not get sufficient time to equilibriate, i.e., the relaxation time of the space charges is significantly larger than the time period of loading. This gap is found to reduce on increasing the thickness, which is consistent with previous observations, 57 where thin films are found to be an order of magnitude more lossy than their bulk counterparts. We also observe an increase in the size of the gap on increasing the doping level and the frequency of loading. In contrast, for the quasi-static calculations, the ferroelectric does not lose any charge and, hence, the hysteresis loop is always closed. Similar conclusions have been reported in the literature, 58 where the effects of the leakage current and frequency of loading on the hysteresis loop gap were studied for a PZT capacitor with Pt electrodes. Interestingly, the non-closure of hysteresis loops observed experimentally is a consequence of leakage currents, which are usually asymmetric with respect to the applied bias. Further, leakageinduced contributions to the hysteresis loop are larger at lower frequencies, clearly distinguishing itself from the results presented here. Another interesting aspect to note is the asymmetric nature of the hysteresis loop for the 200-nm-thick film. It shows that, other than having metal electrodes with different work functions, sometimes a high frequency of loading can also result in asymmetric hysteresis loops.
IV. CONCLUSIONS
We have developed a time-dependent, thermodynamically consistent, continuum formulation for semiconducting ferroelectrics. Specifically, we have developed thermodynamically consistent kinetic equations, which describe the evolution of polarization and space charges when subjected to a time-varying applied field. Moreover, we have systematically included band-bending and other subtle effects resulting from the presence of metal-ferroelectric interfaces. We have used the model to highlight the pronounced effect of the semiconducting nature of ferroelectrics on domain switching, hysteresis, and leakage currents. Further, we have studied how hysteresis and leakage are affected by doping, film thickness, electrode work function, ambient temperature, and loading frequency. All the predictions made by the model are in very good agreement with experimental observations and previous studies, highlighting the efficacy of the model. The limitation of the model is the presence of constants whose precise values are not known at this point in time. Another limitation of the present work is that the simulations have been restricted to one-dimensional through the thickness calculations. This has limited the situations encountered to mono-domain states rather than the typically observed polydomain states with domain walls. We would expect that, in particular, the closure domains near the surface of the ferroelectric have a non-trivial interaction with the depletion layers. This necessitates accurate three-dimensional simulations, which will further shed light on the response=behavior of ferroelectrics. This is a subject of future investigation by the authors.
We believe that the proposed model is an important step toward being able to characterize ferroelectric devices, particularly those utilizing thin films. We are currently using ideas developed in this work to understand how illumination of light can be used for domain patterning, a subject of great technological interest. We also expect such a model to be useful in understanding the mechanisms involved in the fracture of ferroelectrics, which is currently an open problem and being pursued by the authors.
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APPENDIX A: RATE OF DISSIPATION OF SYSTEM
In this appendix, we show that the proposed model is thermodynamically consistent. Specifically, we verify that it satisfies the second law of thermodynamics. In the current setting of isothermal processes, this is equivalent to showing that the rate of dissipation is positive in any allowable process.
We also note that the presentation below offers an alternate route for deriving the equations. In the development in Sec. II, we used first variations of the potential energy to 59 where these quantities, as well as their dependence on kinematic quantities, are identified using the dissipation inequality and the requirement that this inequality be satisfied by all processes.
